INTRODUCTION
The purpose of this paper is to establish the existence of periodic solutions to the nonlinear differential equation Ž .
Ž . and T-periodic T ) 0 in its first variable, and f t is a continuous T-periodic function.
This and similar types of problems have recently received considerable Ž w x . attention. See 2, 4, 6, 7, 9᎐12, 14᎐18 , etc. In most known existence results, the nonlinearity g depends at most on the lower order derivatives x X , x Y , . . . , and x Ž my1. and, hence, defines a compact nonlinear operator between some appropriate Banach spaces. Therefore, the abstract results Ž . w x used there are not applicable to 1.1 . We extend the result of 17 and allow the nonlinearity g to depend on the highest derivative x Ž m. . In our case, the nonlinearity g defines a k-set contractive operator between some Banach spaces. Our method is based on the continuation theory for k-set w x contractions 7 . w x As in 17 , the interest of our conditions lies in the possibility of proving Ž . an existence theorem for the problem 1.1 without needing an assumption w x w x on the growth of g for x G 0 or else for x F 0. In 14 and 16 , the authors studied the similar nonlinear periodic boundary value problems and al-Ž . lowed the nonlinearity g to depend on the highest derivative of x t . However, our conditions on g in this paper are different from theirs.
To show the existence of solutions to the considered problems we will w x use the continuation theory for k-set contractions 7, 10 . Our method in w x this direction relies on an abstract theorem developed in 16 and a priori bounds on solutions. We will state this abstract theorem in Section 2.
ABSTRACT EXISTENCE THEOREMS
In this section we will briefly state the part of the abstract continuation Ž . theory for k-set contractions that will be used in our study of Eq. 1.1 .
Ž . Let Z be a Banach space. For a bounded subset A ; Z, let ⌫ A Z Ž . denote the Kuratovski measure of non-compactness defined by 
Also, for a continuous and bounded map T : X ª Y we define 
the linear space of T-periodic functions with m continuous derivatives.
Ž .
Ž . Ž . Now, the problem 1.1 has a solution x t if and only if Lx y Nx s f for some x g X.
We put the following conditions on g and f. They are similar to the w x ones contained in 17 .
ª ‫ޒ‬ is continuous and T-periodic T ) 0 in its first variable. 
Ž .
w . b There exists a k g 0, 1 , such that
Notice that if g is non-negative or nonpositive then our key condition Ž . c in the above theorem is automatically satisfied.
Before proving Theorem 3.1, we need the following lemmas. 
Proof. It is easy to verify that L is a Fredholm map of index 0 due to Ž . the condition a of Theorem 3.1. In fact, for y g Y we define 
Ä 4 family of subsets
for any x, u g A . Therefore, for x, u g A we have
Y X w x The next lemma is from 17 . In other words,
Žm. Ž .. On the other hand, we also have lim inf g t, x t , x t , . . . , x t G nªϱ n n n Ž . t . Now, using this and Fatou's lemma, we get Similarly, by using and Fatou's lemma we can show that there must y be a number r ) 0 such that for any solution x there is a corresponding 2 w x Ž . value s g 0, 1 with x s G yr . By continuity we conclude that for any 2 2 2 w x < Ž .< Ä 4 solution x there is some z g 0, 1 with x z F r , r s max r , r . Ž .
Integrating this identity we have 
for some sufficiently small ␦ ) 0 and p , p , . . . , p -␦. 
